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ABSTRACT

The numerical solution of a singular perturbation problem in the
exterior domain of a circle is investigated.

First the boundary value problem is solved analytically and the numer-
ical properties of this explicit expression are examined. Thereafter asymp-
totic expansions for the solution are developed along the lines given by
FRIEDLANDER [1954] and WAECHTER [1968]. Based on the accumulated informa-

tion, numerical approximations to the solution are obtained.



1, THE ANALYTICAL SOLUTION

In this report we consider the function u(x,yje), a function of two
variables x and y, containing a small parameter e, which is the solution

of the partial differential equation
(1.1) eAu = 2 u
: ox

in the region D = {(x,y) | x2 + y2 > 1} iniRZ and which satisfies the

boundary conditions

(1.2a) u(x,yze) =1 for x2 + y2 = 1
and
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(1.2b) u(x,y3e) > 0 for x7 + y7 » =,

The boundary conditions suggest a treatment in polar coordinates. The
asymmetry with respect to polar coordinates lies in the right—hand side of
(1.1) only. This asymmetry is removed and a simpler form is obtained by

introducing the function
-Mx 1
(1.3) v(x,y;M) = e u(x,y;iﬁ) s

where M = E% is a large parameter. Passing to polar coordinates yields

2 2

(1.4) -.a_-g--{--l_gy_,,._lia;:MzV
or Lot r 96
with the boundary conditions
(1.5a) v(l,0) = ¢ M cosd _ M cos(n=6)
and
(1.5)  v(=,08) =0 .

Using the technique of separation of variables, we write v(r,8) =

= f(w,r) g(w,6). This yields
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(1.6a) gee =~ g
and
2 2 22,
(1.6b) r frr + rfr - {0 + M r"}f = 0.

The solution of equation (1.6b) is a modified Besselfunction I“(Mr) or
Kw(Mr). Only the function Kw(Mr) will satisfy the boundary condition at

infinity (1.5b). Hence the solution of (1.4) can be written in the general

form

(1.7) J A(w)Kw(Mr)eiwe du.
C

In order to satisfy the boundary conditions (1.5), the path of integration

of (1.7) and the weight function A(w) have to be chosen such that

J A(w)Kw(M)elwe do = e—M cosf
c

At the end of section 3, we will find an asymptotic expansion for (1.7)

L0 ive
(1.8) w(r,o;M) ~ [ f¥?ﬁ7 Kv(Mr)e dv for M »
c v
which, in addition, satisfies w(l,6;M) = e_-M cose. Consequently the follow-
ing asymptotic relation will hold
(1.9) w(r,o;M) ~ v(r,o0;M) for M > o,

As a special case of (1.7) we consider

+oo ,
+
(1.10) v(r,osM) = [ A K Qm)et ™,
n=-o
Now An has to be chosen such that boundary condition (1.5a) is satisfied.

In order to fit this condition we use the 'generating function" of I (x)
g g n

et/ e)/2 im

n= 00

In(x)tn.

Here we take t = ele and x = -M, whence, for all M and 6, the following



relations hold

e—M cosf _
v(1,0;M) =
From this it directly
(1.11) v(r,0;M) =

Hence, the solution

(1.12)

40

. +oo .
Z 1 (_M)elne - z (_l)n 1 (M)elne
n n
n=-—wx n=—w
+o .
YA K (Me'™.
n n
n=-—o
follows that
n
+o0 -
=) In(M) Kn(Mr) eine )
o In(M) Kn(Mr) in(r=-9) _

n=-=oo

IO(M) KO(Mr)

K, ()

., o In(M) Kn(Mr)

u(r,6,1/2M) =

Ko (1)

n=1 Kn(M)

cos(n(m-8)).

the boundary value problem (1.1), (1.2) reads

Mrcos6
e

Mrcos®
e

In(M) Kn(Mr)

in(m—-6) _
n=-c Kn(M)
IO(M) KO(Mr) +2<n In(M) Kn(Mr)
L Ko (M) 0=l K Q)

2. NUMERICAL CONSIDERATIONS ON THE EXPLICIT FORM OF THE SOLUTION

cos(n(w—e))]-

In order to obtain numerical approximations to u(x,y;e) based on the

explicit form of the solution (1.11), it is important to consider not only

the convergence of the infinite series but also the loss of significant

digits during the summation. For, when e takes values that are not too

small (say £>0.1), the expression (1.11) enables us to compute u with a

reasonable accuracy over the whole domain of definmition. For instance,

for € = 0.1 we obtain an accuracy of 6 digits when an algorithm for the

computation of the Besselfunctions is used, which delivers a result that



is accurate in 10 digits. However, for smaller values of e the cancellation

of significant digits impedes the computation. As an example we show com-

puted

tion,

N

values for u and an estimate of its relative error, due to cancella-

for some different values of €.

=2 -1 0 1 2 3 4

2
1

0

1.345(=7) 1.635(=4) 1.291(-2) 7.489(-2) 1.422(-1) 1.906(-1) 2.248(-1)
5.455(-6) 2.911(-2) 1.000 7.827(-1) 7.071(-1) 6.704(-1) 6.455(~1)
2.727(-5) 1.000 XXXXX 1.000 9.752(~1) 9.268(-1) 8.757(-1)

Values of u(x,y;0.1)

X
y -2 -1 0 1 2 3 4
2 |3.771(~14) 4.987(-8) 3.007(~4) 1.062(-2) 4.013(-2) 7.412(-2) 1.048(-1)
1 ]5.282(=11) 1.137(=3) 1.000 7.559(-1) 6.860(~1) 6.534(=1) 6.334(-1)
0 11.216(-9) 1.000 KXXXX 1.000 9.956(-1) 9.774(~1) 9.500(~1)

Values of u(x,y;0.05)

Table 1. Numerical values of u(x,y;e), for ¢ = 0.1,0.05, computed by

evaluation of expression (1.12)

Table 2 shows that, due to cancellation of digits, the relative error in-

creases and expression (1.12) can not be used for & < 0.05.



Y
y -2 -1 Q 1 2 3 4

2 |4.2(-13) 1.3(=13) 9.2(-12) 6.8(=11) 2.4(~10) 4.7(-10) 6.9(-10)
1 1.8(~13) 5.5(=13) 2.9(~11) 5.4(=10) 1.1(=9) 1.3(-9) 1.4(-9)
0 1 (-13) 1 (-13) 4.4(-9) 2.7(-9) 2.2(-9) 2.0(-9)

Relative error in u(x,y;0.1)

\\\\f\
Y -2 =1 0 1 2 3 4

2 1.2(-12) 9.3(-12) 3.9(-10) 2.1(-8) 2.9(=7) 1.3(-6) 3.0(-6)
1 3.0(-13) 2.0(-12) 4.4(-9) 1.5(-6) 7.3(=6) 1.3(=5) 1.7(=5)
0 1 (-13) 1 (-13) 9.7(-5) 5.8(-5) 4.6(-5) 4.0(-5)

Relative error in u(x,y;0.05)

\&
y -2 =1 0 1 2 3 4

2 12.1(-12) 2.7(-9) 2.7(=5) 6.0(-1) >0.5 >0.5 >0.5
1 1.0(-12) 6.6(-11) 1.4(-2) >0.5 >0.5 >0.5 >0.5
0 1 (-13) 1 (-13) 0.5 >0.5 >0.5 >0.5

Relative error in u(x,y;0.02)

Table 2. Relative error, due to cancellation, in the numerical value of
u(x,y;e), for ¢ = 0.1,0.05,0.02, when computed by evaluation of
expression (1.12). The Besselfunctions are computed with a rel-

ative accuracy of ;o-13.

We will consider this effect in more detail. For large values of

M = 1/2¢e we split off the asymptotic factor of the Besselfunctions. We

define I:(M) by

(2.1) I (M) exp(M)(ZﬂM)—% I:(M)

i
(2.2) K (M) = exp(-10) (o) K;(M)-



We notice that for M =+ «
* *
L () ~1 and K () ~ 1.

With this notation we write (l.la) as

Nl
.

(2.3) ulx,y;1/2M) = exp(M(2-r+x)) (2mMr)
* * * *
I-(M) K. (Mr) o I (M) K (Mr)
R { O " O + 2 __Il.___;._—ll—.—— Cos(n('n——e))} =
K, (1) n=1 K ()

PO
.

= exp(M(x+r))u(r,n;1/2M) - 4 exp(M(Z—r+x))(2nMr)_

* *
o In(M) Kn(Mr)

_ sin” (3(1-8)).
n=1 Kn(M)

Hence no cancellation will take place for 6 = n and the cancellation will
be most significant for 6 = 0.

In addition formula (2.3) gives an indication to the behavior of the
solution for moderate values of €. The factor exp(M(2-r+x)) shows that the

behavior is primarily characterized by the exponential curves

2~-~r+x=4c¢, c £ 2,
or

(2.4) (2-c)2 + 2(2-c)x =y

(7
\

c=1

Za0\N

c=2

Figure 1



From expression (2.3) it also can be seen that, for large values of

M, summation will fail in some part of the domain of definition, no matter

what method is used.

Let us take, for instance, (x,y)=(1,0); then (2.3) reduces to

n _*
-1 In(M)} .

oo

L

u(l,0) = GZM(ZWM)_%{I;(M) + 2
k=1

The factor e2M M

Ni—

strongly increases for M + =, whereas Iz(M) » 1 for all n.

However, the sum

N

IB(M) + Z

n *
=D 1700

k=1

— 1
decreases as e M M? for M - «, since u(l1,0) = 1. This shows that the

summation given in (2.3) is unfit for the computation of u in a neigh-
borhood of (1,0) for large values of M.

We conclude that the fitness of equation (1.12) for the computation
of u(x,y;e) depends on the value of the parameter ¢ and also on the region
where the solution is wanted. The neighborhood of (1,0) is the more improper
region for straightforward summation and for large values of M the unfitness

extends to the neighborhood of a domain which can roughly be characterized

by y2 < 1+2x.

Figure 2. Parallel projections of cross-sections of the plane z = ufx,y;e)

with the cylinders x2 + y2 = r2 (r=1,1.05,1.1,1.2,1.5(.5)5) for

e = 0.5, 0.2, 0.055.

See next pages.
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3. COLLECTED RESULTS ON THE MODIFIED BESSELFUNCTIONS

In this section we summarize some results from ABRAMOWITZ & STEGUN

[1964], FRIEDLANDER [1954,1958] and WAECHTER [1968]. In particular we shall

use the results from FRIEDLANDER concerning the modified Besselfunction

Kv(z) for pure imaginary order. Asymptotic expansions are given for Kiu(z)’

z and u real and for the zeros of Kiu(z)'

3.1,

3.2.

3.3.

The following properties (cf. FRIEDLANDER [1954]) of the modified
Besselfunction Kv(z) are relevant for the treatment given in the next

section.
(3.1) Kiﬁ(z) = Kiu(z) , K_v(z) = Kv(z).

When s is real, the zeros of Kiu(s) and Kiu(s) exist for real u only.

All zeros are simple and they satisfy the inequality

(3.2) |ujl

v
[©2]

For z,u real, z,p > 0 and |u/2| large, the next asymptotic expansion
holds for p + « (cf. FRIEDLANDER [1958])

(3.3) Kiu(z) ~ \/—_21,1_7_‘_' e—ﬂulz{sin(ulog -(23-‘;7 + -}) + 0(%)} ,

V2mp  —mu/2 2u m 1

' ~ 2T LR =

(3.4) Kiu(z) —— e {cos(ulog -+ 4) + O(u)}.

The following asymptotic expansion can be derived —-by means of
LANGERS' method- for real p and s, pu and s both large and u/s ~ 1
(cf. FRIEDLANDER [19581])

(3.5) K, ()~ VZm e"”“/2{< - 2)‘/4 Ai(z) + 0(3'2/3)},
S —U

where
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$2 2 1/2

)

(3.6) % z = ( - u arccos(u/s) if s =2y

/2 2 2.1/2

(3.7) %(-2;)3 p arccosh(u/s) - (u"=-s7)

it

(0 < arccos(u/s) < n/2).
1/3 -1/3 . .
3.4. For p = s + Bs + 0(s ) and s > « it follows from section 3.3
that
(3.8) Kiu(s) ~ ﬂ(%)]/3 eﬂm/2 Ai(-21/36) + O(s_z/Be"U/z)

(3.9) K:{U(S) ~ n(§)2/3 e"‘TTLl/Z Ai(‘2]/35) + O(S-—lenu/Z).

Therefore we can give asymptotic expansions of the zeros of the func-

tions Kiu(s) and Kiu(s), considered as functions of p, for s + «
-1/3
(3.10) u;(s) ~ s + aj(%)l/B v 0s”'y,

where —aj (Note: uj>0) are zeros of the Airyfunction Ai(a) and Ai'(a)
respectively.

A more general asymptotic expansion than (3.8) can be given.
WAECHTER [1968, appendix] mentions an asymptotic expansion of Kiu(sr)
for s + =

sr = s + Rsl/3, R = 0(1),

1/3 + 0(5—1/3) ;

= s + Bs

=
|

this expansion reads

(.11 K (s) ~ n(%)l/3 e ™2 55213 (r-p)).

3.5. We mention also the asymptotic expansions for large orders (cf.



3.6.

3.7.

ABRAMOWITZ & STEGUN [1964])

[se]

1 vn

; < {1 + u (t)/vk}
I e Dy 7% kZ1 K

(3.12) Iv(vz)
(1+

—un .
\/;l.__f_i_T74 {l + 2 (—)k uk(t)/vk}

2V e28y k=1

(3.13) Kv(vz)

n=vI+ 22+ log Z -+ - arcsinh(é)

1+/1+2z

£ = (14254, 0 (6) = ...

These approximations hold uniformly with respect to z, |arg z| < % -

arbitrary n > 0, for v » «.

13

N>

For large |z| we have the following asymptotic expansion of the Airy-

function, |arg z| < 1 (cf. ABRAMOWITZ & STEGUN [1964])

(3.14)  Ai(z) ~ 737? ]’/4 e o1 + 0(%)}
VA

1/4

(3.15)  ai'(z) ~ - -2-37? R TR 0(—2—)}

3/2

with ¢ = z

wl o

With the aid of the formulae (3.5) and (3.14) the next asymptotic

expansion is easily verified for r - 1 > 0(5_2/3)

‘n‘ 1
(3.16) K, (st) ~V Tgm )

/2 /3

- exp{-mu/2 - s[(rz-—l)1 - arCCOS(%)] + le arCCOSC%)}.

3.8. The following expansions directly follow from section 3.4.
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3 1 __ 2
(3.17) [ Fm Kiu(s) Ju=uj = - 1

2/3 -mu./2
e

J O
) Al(aj)y

. s 1/3
. = pu.(s) zero of K. (s); a. given by u. ~ s + a.(= .
o uJ( ) lu( )3 ; g Y Hy ;9

-mu./2
] 2N Ai(ade 4,
s ] ]

(3.18) [ - K (s) .
]

1/3
. = u.(s) zero of K! (s); o. given b .~ 8 + q. EJ .
M uJ() e 1u() o 8 Y My 3(2

4. ASYMPTOTIC EXPANSIONS OF THE SOLUTION u(x,y;e)

4.1. Another analytic expression for the solution

First we try to find an asymptotic solution derived from the analytic
solution. According to WAECHTER [1968], we apply the summation formula of
Poisson

“+co 400

(4.1) ) F(k) = )
k== k=—o

o,
J ST b (x)dx

to the analytic expression for l-u(x,y;e).

1-u(r,6;1/2M) =

oo I_(M) K_(Mr)
n n
) [In(Mr) - <00

n=-—o

(4.2) eMrcose

]ein(n—e) -

+ Ix(Mr) KX(M)~IX(M) KX(Mr)

ix((n—8)+2mm)
KX(M) e dx.

-0

Mrcosb T f
m:—co

The integrand is a single-valued function of x, regarded as a complex
variable. The integral can be computed by means of Watson's transformation
(cf. WAECHTER [1968]). The singular points of the integrand are found only
at the zeros of Kx(M)° From section 3.1 we know that, for real M, these
zeros of Kx(M) are found only for pure imaginary values of x;

x=tiu1;iiu2,... .



In the remaining part of this chapter we take 0 < 6 < 7. For
(m-8) + 2mn > O the path of integration is chosen in the upper halfplane

Im(x) > O.

It follows that

40 T (Mr) K. (M) = I (M) K (Mr) . _
f X X - (M)x X elx((ﬂ 8)+21rm)dX - —omi z Res.
—co X i=1,2,3,...
with
) . Ix(Mr) KX(M) - IX(M) Kx(Mr) ix|m-6+2mm| _
Res., = 1lim (x~ip.) ) e =
J X>ip. J X
J
Iiu.(M) Kiu.(Mr) -u. |m-6+2mm]|
= - J e 1 .
9
[3; KX(M)]x=iu.
]
Hence,

Iiu.(M) Kiu.(Mr)-uJﬂ—6+2wm|

+co
~u(r,6;1/2M) = -8 7 _ong Y ~i i .
== j= e — K. (M
or
Mrcos8 Iiﬁ-(M) Kiu.(Mr) +eo ‘Ujln—6+2nm[
ulr,8;1/2M) = l1-e 2m z BQL | z e
J=1 ,2,.-.[-8—1-1- KiU(M)]U=}—lj m=—o
(4.3) ‘
Iiu.(M) Kiu.(Mr) cosh(u.8)
= 1-27 0S8y - ] s
P 9 sinh(u.w
j=1,2,... [au Kiu(M)]‘Fu. j

J
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The expression of the Wronskian

Iv(z) Kc(z) - I;(z) Kv(z) = -

N =

in particular yields

Iiu.(M) = -1/(MK£uj(M))'

Hence we obtain the analytic solution of the boundary value problem (1.1),

(1.2) in terms of the modified Besselfunction K with pure imaginary argu-

ment

K. (M h(up.6
1u.( r) cos (uJ )

(4.4) u(r,0;1/2M) = 1 + %% GMreoss y - )
L ; .
ji=1,2,... [5; Kiu(M)]u=uj Kiuj(M)Slnh(ujﬂ)

4.2. An asymptotic expansion for the solution

Now we can use the asymptotic expansions mentioned in section 3 in
order to find an asymptotic expansion for u(r,0;1/2M) for large values of

M. Substituting the relevant parts of the sections 3.3, 3.4 and 3.8 for

3 .

. (M — K. ! - .
Klu( r),[ ™ Klu(M)]u=u. and Klu(M) repsectively, we obtain from equation
(4.4) J

ulr,8;1/2M) = 1 - 21/6 M1/3 eMrcose
mu./2
(4.5) g;/a Mz cosh (s ;©)
°. 22 2174, . 2 sinh(y. ’
1,2, 08 A i ) SIROYT
where
. 2 3/2. 22 2.1/2
if Mr 2 u., then = z_ = (M r -y, - u. arccos(p./Mr) ;
T 3 CJ ( uJ) M3 (uJ )
if Mr < uj, then %-(—gj)3/2 = uj arccosh(pj/Mr) - (u?*Mzrz)]/z;
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- aj the j—th zero of the Airyfunction Ai(z), and

/3 -1/3

1
M. = () M .
3 0( )
Since this formula can be used for the computation of u(x,y;e) for values
of x,y and ¢ where (1.17) fails, it is supplementary for numerical pur-
poses.
For the analysis of the behavior of the form (4.5) and in order to

obtain more convenient asymptotic expansions we have to distinguish

a. r-1 >> O(M_Z/B), and
b. r-1= gu2/3 with R = 0(1).
. . ~2/3
4.3. An asymptotic expansion for [B]| < w/2, r-1 >> O(M ).
. . -2/3 . 1/3
First we consider r-1 >> O(M ). In this case Mr > M + O(M ) and

so Mr > uj. This enables us to make use of the more specific asymptotic
expansion of Kiu (Mr) given in section 3.7 instead of the asymptotic ex-—

pansion given inJsection 3.3. Hence we obtain

1/2 uj(e— I+ arccos(%))

eM(rcose—(rz—l) 2

25/6M1/6n]/2(r2

)

1/4

z e
. . 2
-1) 3=1,2,.. (Alw-aj))

(4.6) u(r,6;1/2M) =

This series is convergent only for

i 1 T 1
5 - 0 + arccos(;) <0 e»47 6 > arccos(;) =

< sin(®) = cos(% - 8) <<l

..

Figure 3. The convergence region for equation (4.6)

,,////
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Thus this asymptotic expansion describes the behavior of the solution

u(x,y;e) in the region

{(X,Y)‘X2+Y2> 1 +¢e., x>0, lY‘ < 1}

0

with € > 0, e O(M_B/Z), i.e. the region where

lim u(x,yse) = 1.

ev0
. . -2/3
4.4. An asymptotic expansion for |8] < w/2, r-1 = O(M )
. . -2/3
Next we consider the region near the boundary: r—1 = RM , R=0(1).

In this case Mr = M+RM1/3; now we can use (3.11) for Kiu(Mr)' Substituting

this asymptotic expansion we obtain

/3 p.(6-1/2)

ai2! Ra,)e i

(4.7) u(r,e;1/2M) = 1 - HMreosé ) :
j=]92,... {Ai'(_.aj)}

This expansion holds for 0 < By < 8 < 6] <

T

4.5. A Taylor series expansion

When we confine ourselves to the region r-1 = O(M—l), x > 0, we can
substitute a Taylor series expansion for Kiu(Mr) in (4.4). This equation
then becomes
2 rcoss Kiu.(M) + M(r—l)K{u(M)-+...}cosh(gj6)
u(r,8;1/2M) = 1 + i e .Z BJ - ~
j=1,2,... [33 Kiu(M)]u=uj Kiuj(M) s1nh(gj~n)

cosh(p.98)
~ 1 + 2r(x-1)e J

Mrcos6 z

L ) .
i=1,2,... [Bu Kiu(M)]u=uj 31nh(ujw)
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With the asymptotic expansion (3.17) this yields

Wuj/Z
h(u.0)e
. _ o, _ ,1/3,2/3, . Mrcosé cos j

(4.8) u(xr,631/2M) =1 - 27 ""M""“(r-1)e .Z] , LTI (e

i=1,2,... 3 i

For 9§ > eo > 0 this 1s approximated by

uj(e—ﬂ/Z)

(4-9) u(r,8;1/2M) =1 - 21/3M2/3(r—1)emr°059 ¥ s .
j=1,2,... Aoy

This series is convergent only for 6 < n/2. The expansion holds for M + «

0f course this result is consistent with and even implied by the result of

section 4.4.

4.6. An asymptotic expansion for x < 0 or |y| > 1

In order to obtain an asymptotic expansion that is valid in the major
part of the domain not covered by the expansions given in sectioms 4.2 to
4.5, we use an integral representation of the solution u(r,0;e). This was
anticipated in the equations (1.7) to (1.9). We consider the following

integral, which satisfies the differential equation (1.4),

I M) K (Mr) .
(4.10) w(r,8;M) = J ~— (M§ e™? av.
c v

For the modified Besselfunctions the asymptotic expansions given in (3.12)
and (3.13) are substituted. In these expansions we take vz = M for IV(M)
and KW(M) and we take vz = Mr for Kv(Mr). This yields, with u defined by

v = Mu

exp[M{ib6u +2¢u2‘+1-¢£2~+r2-2u arcsinh p +

w(r,58;M) ~ ( 5 i

re (u +r2)

1/2 V2mM

+u arcsinh(%)}]du =
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= [ f(p) exp(Mg(n))du
c
for M » =,
This integral is approximated by means of the saddlepoint method.
The saddlepoint is determined by

i6 - 2 arcsh(u)+ arcsh(u/r) = 0.

With o and B defined by

-6+ B 2a

r sin B = sin a

the saddlepoint is found to be u = -isin o. The path of steepest descent

of g(u) at the point p = i sin o is given by the line

Im p = -sin a.

The Taylor series expansion of g(p) along this line at the saddlepoint

becomes

g(u) = g(-isina) + }(u+isina)? g"(-isina) + ... =

.. 2 -1 -1
= 2cosa + rcosB + }(u+isino) (=2(cosa) = + (rcosB) )+ ...
Now
.. o ./ M

f(-isina) = 2nrcosB

and

(4.11) { f(u) exp(Mg(n))du ~
C
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+eo—151in0, 9 -1 -
~ J f(isina) exp{M[2cosa+rcosBl-iM(p+isina)“((rcosB) =-2(cosa) ))du=

—o—isina

\ /__cosa
= \/orcosB=cosa exp{M(2cosa-rcosB)}. 4.11)

The integrand of (4.10) has its singularities at the zeros of Kv(M). As
was mentioned in section 3.4 for M - «, these zeros can be found at

M

_ . 1/3
v = % 1(M+aj(2)

o3y,

where —aj denotes the j-th zero of the Airyfunction. Since v = pM, the
singularities are situated in the u-plane at

~1/3M_2/3) for M »> o,

e~z i(l+a.2
J
Since the saddlepoint is situated at y = -isin a, the singularity and the
saddlepoint are separated when sin o < l-¢ for some £ > O.
Hence the asymptotic expansion holds for |a| < ©/2 - § for some

§ > 0. Since 6 - o and B > o for r >~ 1, also

cosa
\Vé;;;;%;;;;;-exp[M(Zcosa+rcosB)]+ exp[Mcos6] for r + 1.

This implies that the asymptotic expansion of w(r,m6;M) satisfies the
boundary conditions of the differential equation (1.4b). Since w(r,m-6;M)
also satisfies the differential equation (1.4a), equation (4.11) yields
an asymptotic expansion of v(r,n-86;1/2M). Hence we obtained an expansion

of u(r,0;1/2M) in the region [al < /2 = §

. N cosa _ _ _
(4.12) u(r,8;1/2M) \/%%E%%%ggggg exp (-M(rcosB~-rcosf—2cosa)),

o and B being defined by

(4.13) B + B =20 + 7

r sin B = sin a.
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A geometric interpretation of o and 8 is given in figure 4.

(x,y)

Figure 4

.

Figure 5. The region of validity of the

asymptotic expansion (4.12)

5. BOUNDARY LAYERS

It is not our intention to give a detailed analysis of the boundary-
layer structure of the singular perturbation problem under consideration.
The interested reader is refered to papers by LUDWIG [1969] and WAECHTER
[1968]. In a forthcoming paper we want to obtain a numerical approximation
to the boundary value problem (1.1)-(1.2) by some discretization method
and for that purpose we need information for the location of an appropriate
non~-uniform net.

From the analysis given in section 4 it follows that a boundary-layer

appears for x < 0, x2 + y2 = 1 and a free boundary-layer appears for



x >0, y =% 1. From the analysis of the last section the structure of
these layers is easily determined.

In the papers mentioned above a more detailed analysis is given for
the regions of the birth of the boundary-layers i.e. the neighbourhoods of
(0,1) and (0,-1).

5.1. The boundary-layer for x < O, x2 + y2 v 1

The exponent of the exponential factor of the asymptotic expansion
(4.12) reads

(5.1) ~M(-2cosa+rcospf-rcosh).

Hence, an impression of the structure of the boundary-layer is given by

the equation (cf.fig.4)

(rcosB-cosa) + (-cosa-rcosf) = d or
(5.2) »/(;—E)2+(y*n)2 + (g-x) = d.

Since £ - x = cos 2o /Qx—g)z + (y—n)z, it follows that the thickness of

the boundary-layer in the neighborhood of x2 + y2 =1, x < €y < 0, is
given by

2 2 _dcosa _ d d 1
(5.3) /<X £+ (ymm)" cos a = 1+cos2a  2coso ) lcosB] °

5.2. The boundary-layer for x > 0, y + 1

The structure of this boundary-layer is also determined from (5.2)

| x~¢ | /{ + (tan 2a)2 =d + (x-£)

x>0 = oa>n/b = x-£>0 = (x-t) = %g%%%%% =*%(l—tan2a)

(5.4) y-n=(x¢gtan (20) = d tan (a) = a® + 2d(x-¢) = (y-n)z-
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Thus, for this boundary-layer (a~m/2+£~0 n~1) the structure is given by
(5.5) 2dx ~ (y—l)z

(Notice the resemblance between the equations (2.4) and (5.4)).

5.3. The boundary-layer for x > 0, y + 1

The structure of this boundary-layer is calculated from the exponential

factor in the asymptotic expansion (4.6)

(5.6) T cosf - ¢r2 -1 +6 - %-+ arccos(%) = —d.
This also yields

(5.7) 2dx =~ (l—y)z

when x > e > 0, 0 <1 —-y<< 1.

5.4. The behavior in the boundary-layer x > ¢, > 0, y = |

1

In chapter 4 we found that for x > € > 0

0 for 1 + €, <V
lim u(x,y;e) =

ev0 1 for 0 sy <1 - €,

for some €,y > 0. No description was given of the behavior in the boundary-

layer region.

Using a standard argument, we assume that, for x > ¢, > 0, y = 1,

1
2 2
the values of 9 u/3y  are much larger than the values of Bzu/axz. Hence,

the equation (1.1) is approximated by

€ Bzu/ay2 = Ju/dx.



The solution of this differential equation which matches

lim u(x,y;e)
e+v0

in both regions y > I and y < 1 is given by

i
ol
+

u(x,y; ) = 3 erf( 1_y) =
(5.8) 2Vxe

1]
—
m
a]
hh
[¢]
~
’%l
~
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6. NUMERICAL RESULTS

In section 2 we mentioned that the evaluation of the expression (1.12)
failed for small e, particularly in the neighborhood of the point (1,0).
With the help of the asymptotic expansions given in the foregoing sectionms,
it is now possible to evaluate the function u(x,y;e), for small values of
€, in a larger domain. Theoretically we have to our disposal asymptotic
expressions for € - 0, that are valid on x2 + y2 > 1 with exception of two

small regions with diameter 0(81/3

) at (0,1) and 0,-1), i.e. the regions
of the birth of the boundary-layer. However, due to cancellation of digits,
also the asymptotic expressions are not suitable for numerical evaluation
everywhere in the domain where they have been shown to converge.
By a number of computational results, we will compare the numerical
properties of the four different expressions for u(x,y;e) already obtained.
We denote the numerical values of u(x,y;e) obtained by evaluation of
expression (1.12) by ul(x,y;e), the values obtained by evaluations of ex-
pression (4.5) by u2(x,ys;e) and the values obtained by (4.12) by u3(x,y;e).
In addition, expression (5.9) is used for the following approximation of

the behavior in the boundary-layer

ub(x,v3e) = u2(x,13¢e) erfc(ﬁ%&%&.
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